
Math 4653 Homework 7 Spring 2019

Due Thursday, March 28, beginning of class

Assigned Problems

1. (4.7.13) Most railroad cars are owned by individual railroad companies. When a car leaves its
home railroad’s trackage1, it becomes part of the national pool of cars and can be used by other
railroads. A particular railroad company found that each month, 15% of its boxcars on its home
trackage left to join the national pool, and 40% of its cars in the national pool were returned to its
home trackage. A company begins on January 1 with all its cars on its home trackage.

(a) What fraction will be there on March 1?

(b) What fraction will be there at the end of the year?

(c) In the long run, what fraction of a company’s cars will be on its home trackage?

2. (4.7.16), modified. Suppose Minneapolis instates a “free bikes for the people” program. In
Dinkytown, you can pick up bikes at the library (L), the Purple Onion (P), or the Target (T). You
are trying to estimate what fractions of the total number of bikes will be at any given time, to
refill the bike racks. You estimate that if a bike is picked up at the library it ends up at the Purple
Onion with probability 0.2 and the Target with probability 0.3. A bike from the Purple Onion
will go to the library with probability 0.4, and to the Target with probability 0.1. A bike from the
Target will go to the library or the coffee shop with 0.25 probability each. On Sunday, there are
an equal number of bikes at each place.

(a) What fraction of the bikes are at the three locations on Tuesday?

(b) What fraction of the bikes are at the three locations on the next Sunday?

(c) In the long run, what fraction are at the three locations?

3. (4.7.20) In a test paper the questions are arranged so that three-fourths of the time, a true answer
is followed by true, while two-thirds of the time a false answer is followed by a false. You are
confronted with a 100-question test paper. Approximately what fraction of the answers will be
true?

4. (4.7.25) A plant species has red, pink, or white flowers according to the genotypes RR, RW, and
WW, respectively. If each of these genotypes is crossed with a pink (RW) plant, the offspring
fractions are

p =


RR RW WW

RR 1/2 1/2 0
RW 1/4 1/2 1/4
WW 0 1/2 1/2


What is the long-run fraction of the three types?

5. (4.7.34) An individual has three umbrellas; some at her office and some at home. If she is leaving
home in the morning (or leaving work at night) and it is raining, she will take an umbrella, it one
is there. Otherwise, she will get wet. Assume that independent of the past, it rains on each trip
with probability 0.2. Let Xn be the number of umbrellas at her current location.

(a) Find the transition probability for this Markov chain.

1A railroad company’s trackage is the network of tracks that it privately owns.
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(b) Calculate the limiting fraction of time she gets wet.

6. (4.7.37) To make a crude model of a forest, we might introduce states 0 = grass, 1 = bushes, 2 =
small trees, 3 = large trees, and write down a transition matrix such as the following:

p =


0 1 2 3

0 1/2 1/2 0 0
1 1/24 7/8 1/12 0
2 1/36 0 8/9 1/12
3 1/8 0 0 7/8


The idea behind this matrix is that if left undisturbed, a grassy area will see bushes grow, and then
small trees, which grow into large trees. However, disturbances such as tree falls or fires can reset
the system to state 0. Find the limiting fraction of land in each of the states.

7. Show that the Wright-Fisher model with mutation converges to a stationary distribution, by the
corollary to the Markov Chain Convergence Theorem given on p. 134 in Durrett.

8. Consider the Markov chain with general 2 × 2 transition matrix

p =

[
1 − a a
b 1 − b

]
.

(a) Under what conditions is p absorbing?

(b) Under what conditions is p ergodic, but not regular?

(c) Under what conditions is p regular?

9. Open the Matlab program StationaryDist, in the Files folder of Canvas. As written, the program
gives the stationary distribution of the transition matrix

p =

 1/3 1/3 1/3
7/10 3/10 0

1 0 0

 ,

which was an example in class. Now, let’s consider a queuing problem. A discrete time queuing
system of capacity n consists of the person being served and those waiting to be served. The queue
length Xn is observed each second. If 0 < Xn < N, then with probability p, the queue size is
increased by one by an arrival and, independently with probability r, it is decreased by one because
the person being served finishes service. If Xn = 0, only an arrival is possible. If Xn = N, new
arrivals will be turned away, so Xn either decreases or stays at N.

(a) Form a Markov chain with states given by the number of customers in the queue.

(b) Modify the program StationaryDist so you can input n, p, and r, and the program will compute
the stationary distribution. The quantity s = p/r is called the traffic intensity. Describe the
differences in the stationary distribution for s < 1, s = 1, or s > 1.

10. Write a program to simulate the queue in the previous problem. Have your program keep track
of the proportion of the time that the queue length is j, for j = 0, 1, . . . , n, and the average queue
length. Show that the behavior of the queue length is very different depending on whether the
traffic intensity s has the propoerty s < 1, s = 1, or s > 1.
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News Assignment 6 (The last one!)

(This is not the same description as last week. Updates to the assignment have been bolded.)

Find a news article, popular science piece, or scientific article that discusses or applies some aspect
of probability theory that we have learned in Chapters 3 or 4. This assignment is designed
to provide structure for exploring the many ways in which probability is used in the world around
us, and to help you prepare for finding a project topic of interest to you and your group members.

Prepare a typed, or neatly hand-written, summary of your chosen article. It should be between
1/2 and 1 page in length, and to receive full credit, it should contain the following components:

1. A citation for the article, in either MLA or APA format.

2. A 1-2 paragraph summary of the article contents, including the thesis and main argument.
The idea here is for someone else in the class to be able to understand what the article
was about without having to read it or have familiarity with subject matter that is not
probability-related.

3. A 1 paragraph summary of how the article relates to a specific topic in our probability
course. We don’t need to have covered it yet, but it should either be a topic on the schedule,
or an extension of a topic listed. If we haven’t covered the probability topic yet, include a
description of it in qualitative terms or in terminology that has been discussed in class.

Turn this summary in separately from the main homework assignment, since we will be discussing
them in class.
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