
MST 383/683 Final Project Fall 2020

Due Saturday, December 12 at 2:00 pm EST

This final project is intended to assess your understanding and ability to apply the material you
have learned throughout the course. Below are four differential equations. For those taking MST
383, choose three of the four to complete. Those taking MST 683 must complete all four.

Alternatively, anyone may petition to numerically simulate and/or reproduce the results of a
refereed journal article that contains an ordinary or partial differential equation. If you would like
to do this, please email me your proposed article for approval by Friday, December 4.

Guidelines:

• Your final writeup should be typed or neatly-handwritten, with complete sentences and appro-
priate flow between mathematics and text. A 5% penalty will be applied to work not explained
concisely in complete sentences.

• Since this final project is meant to demonstrate your personal understanding of the course ma-
terial, there should be no collaboration on this project: you may discuss your project with me,
but no one else.

• For each problem listed, complete the following analysis of the accuracy and stability of your
numerical method. This will form your report:

(a) Unless otherwise indicated, determine the best numerical method to solve each of the ap-
plications.

(b) Give a full description of the method scheme applied to the problem and your implemen-
tation of the method. This should not be a reproduction of your code or be entirely pseu-
docode, but rather a description you might find in a textbook example, or how you might
describe your work/logic to another person taking this class. Make sure to justify your
choice of method in the context of the problem.

(c) Indicate the anticipated order of accuracy of your method.

(d) For Problems 1 and 2, complete a convergence study of your method. I.e., what is the error
of your method and how does it decrease with the step size? Demonstrate your findings
graphically, though a table may be helpful to include as well.

(e) Suppose that the computational cost of your method can be written in the form

cost ≈ Ahα,

for the time step h and some constants A and α. The cost can be estimated as the elapsed
time of calculations, using the tic and toc functions in Matlab. Use your code to estimate
the cost of the method and α.

(f) Briefly, discuss the results and approximated solution, including the accuracy and cost ap-
proximations. Provide figures to illustrate your results.
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Problems:

1. The following is a model by FitzHugh to describe impulses of nerve potentials:

x′ = 3

(
x+ y − 1

3
x3 + λ

)
y′ = −1

3
(x− 0.7 + 0.8y)

Set λ = −1.3 and approximate the solution to this system of differential equations. Discuss the
behavior of both x and y vs. t and x vs. y in your solution. What is the period of the oscillation?

2. The gravitational n−body problem is concerned with n bodies of mass m1, m2, . . . , mn, respec-
tively, that move due to mutual gravitational attraction. The general solution to the n−body
problem for n > 2 is still unknown. However, we can determine the solution to the 2−body
problem. The 2−body problem can be formulated as

x′′ = −x/r3 , x(0) = 1− e , x′(0) = 0 ,

y′′ = −y/r3 , y(0) = 0 , y′(0) =

√
1 + e

1− e
,

where r2 = x2 + y2. Approximate the solution to this system for the parameter e = 0.9, over
t ∈ [0, 20].

(Hint: plotting in the xy−plane might be illustrative.)

3. Consider the 1-dimensional heat equation in polar coordinates:

ut = A(urr +
1

r
ur) , 0 ≤ r ≤ L

u(0, t) = 0 , u(L, t) = uL

u(r, 0) = 0

This system models the temperature evolution of a solid disk of radius L that is initially of
constant temperature u ≡ 0. The edge of the disk then has a fixed temperature uL applied to
it. The diffusivity of the heat is given by A. For this problem, use A = 10, L = 1, and uL = 1.
Use the Method of Lines to approximate the solution to this PDE.

4. Consider the wave equation

ut = 4ux + u , 0 ≤ x ≤ 1

u(x, 0) = f(x)

u(x+ 1, t) = u(x, t) , i.e., u is periodic in x,

where

f(x) =

{
1
4 −

∣∣1
2 − x+ bxc

∣∣ 1
4 ≤ x ≤

3
4 ,

0 otherwise

Solve this equation using a finite difference method we have discussed in class.


